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LOCAL RIGIDITY OF TEICHMÜLLER SPACE WITH THURSTON
METRIC
HUIPING PAN
Abstract. We show that every R-linear surjective isometry between the cotangent
spaces to the Teichmüller space equipped with the Thurston norm is induced by
some isometry between the underlying hyperbolic surfaces, which is an analogue of
Royden’s theorem concerning the Teichmüller metric. Consequently, we obtain the
local rigidity theorem of the Thurston metric, as well as a new proof of the global
rigidity theorem which was first proved by Walsh.
1. Introduction
Let Sg,n be an oriented surface of genus g with n punctures whose Euler characteristic
is negative: χ(Sg,n) = 2 − 2g − n < 0. Let T (Sg,n) and MCG
±(Sg,n) be respectively
the Teichmüller space and the extended mapping class group of Sg,n.
In his famous paper, Royden [Roy71] proved that if n = 0 and g ≥ 2, then every com-
plex linear surjective isometry between the space of integrable holomorphic quadratic
differentials on Riemann surfaces are induced by some biholomorphic map between the
underlying Riemann surfaces. Based on this, he showed that every isometry of the
Teichmüller space T (Sg,0) with the Teichmüller metric is an element of the extended
mapping class group MCG±(Sg,0), and that every local isometry is the restriction of
a global isometry. Since then the isometry rigidity problem of the Teichmüller metric
has been extensively studied (see [Roy71], [EK74a], [EK74b], [EG96], [Lak97], [AP98],
[Iva01], [Mar03], [EM03], [FW10], [MM13]). This result was extended by Erale-Kra
in [EK74a] to the case of Riemann surfaces with n > 0, and in [EK74b] to the case
of isometries between Teichmüller spaces. Later, it was further extended to bordered
Riemann surfaces by Earle-Gardiner in [EG96] and to Riemann surfaces with n =∞ by
Lakic in [Lak97], where in both cases the Teichmüller spaces are of infinite dimension.
The problem was completely settled for general surfaces which are not exceptional finite
type by Markovic in [Mar03].
Remark 1.1. In [Iva01], Ivanov provided a different proof of the global isometry rigidity
using the automorphism rigidity of curve complex.
The goal of this paper is to prove an analogue of Royden’s theorem for the Thurston
metric.
1.1. Thurston metric. The Thurston metric on T (Sg,n) is defined as following:
(1) dTh(X,Y ) = log sup
α∈C 0(Sg,n)
ℓα(Y )
ℓα(X)
,
where C 0(Sg,n) is the set of (isotopy classes of) simple closed curves on Sg,n and ℓα(X)
is the hyperbolic length of the geodesic representative of α on X . Thurston showed in
[Thu98] that dTh is a Finsler metric, i.e. it is induced by a (nonsymmetric) norm on
the tangent bundle:
(2) ‖v‖Th := sup
λ∈PML(S)
(dX log ℓλ)[v], ∀v ∈ TXT (Sg,n),
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where PML(S) = ML(S)/R>0 is the space of projective measured laminations and
ML(Sg,n) is the space of measured laminations on Sg,n. The unit sphere in the cotan-
gent bundle has a very nice description as following.
Theorem 1.2 ([Thu98], Theorem 5.1). For any hyperbolic surface X, the map
PDX : PML(Sg,n) −→ T
∗
XT (Sg,n)
[µ] 7−→ dX log ℓµ
embeds PML(Sg,n) as the boundary of a convex neighbourhood of the origin. This
convex neighbourhood is dual to the unit ball {v ∈ TXT (Sg,n) : ‖v‖Th ≤ 1}.
By identifying PML(Sg,n) with {µ ∈ ML(Sg,n) : ℓµ(X) = 1}, we obtain a homeo-
morphism
DX : ML(Sg,n) −→ T
∗
XT (Sg,n)
µ 7−→ dXℓµ.
In particular, ‖DX(µ)‖Th = ℓµ(X). In this way, we associate a linear structure on
ML(Sg,n) by pulling back the linear structure on the cotangent space T
∗
XT (Sg,n). How-
ever, the induced linear structure depends on X.
1.2. Main results.
Definition 1.3. A surjective R-linear isometry
Φ∗ : (T ∗XT (Sg,n), ‖ • ‖Th) −→ (T
∗
Y T (Sg,n), ‖ • ‖Th)
is said to be geometric if there exists an isometry φ ∈ MCG±(Sg,n) such that Y = φX
and Φ∗(dXℓµ) = dY ℓφµ for every µ ∈ ML(X).
We now state the main result of this paper.
Theorem 1.4. Suppose that Sg,n is not a sphere with four or fewer punctures, nor a
torus with two or fewer punctures. Then every surjective R-linear isometry
Φ∗ : (T ∗XT (Sg,n), ‖ • ‖Th)→ (T
∗
Y T (Sg,n), ‖ • ‖Th)
is geometric.
Based on the geometric property above, we obtain the local rigidity as well as the
global rigidity of the Thurston metric.
Theorem 1.5 (Local rigidity). Suppose that Sg,n is not a sphere with four or fewer
punctures, nor a torus with two or fewer punctures. Let U be a connected open set in
T (Sg,n). Then any isometric embedding (U,dTh)→ (T (Sg,n),dTh) is the restriction to
U of an element of MCG±(Sg,n).
Theorem 1.6 (Global rigidity). Suppose that Sg,n is not a sphere with four or fewer
punctures, nor a torus with two or fewer punctures. Then every isometry of T (Sg,n) is
an element of MCG±(Sg,n). In particular,
Isom(T (Sg,n),dTh) =
{
MCG±(Sg,n), if 2g + n > 4
MCG±(Sg,n)/Z2 , if (g, n) = (2, 0)
We can also use the unit spheres in the cotangent spaces to distinguish the topology
of the underlying hyperbolic surfaces:
Theorem 1.7. Suppose that {(g, n), (g′ , n′)} is not one of the following three pairs:
{(0, 4), (1, 1)}, {(0, 5), (1, 2)}, {(0, 6), (2, 0)}.
If there exists a surjective R-linear isometry
Φ∗ : (T ∗XT (Sg,n), ‖ • ‖Th)→ (T
∗
Y T (Sg′,n′), ‖ • ‖Th)
for some X ∈ T (Sg,n) and Y ∈ T (Sg′,n′), then (g, n) = (g
′, n′).
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Remark 1.8. • Theorem 1.6 was first proved by Walsh in [Wal14]. He also
proved theorem 1.7 in the global setting. Walsh’s proof is based on the au-
tomorphism rigidity of the curve complex as well as the horofunction compacti-
fication of T (g, n). Very recently, Dumas-Lenzhen-Rafi-Tao ([DLRT16]) proved
Theorem 1.4, Theorem 1.5 and Theorem 1.6 for the torus with one puncture
S1,1. The idea of their proof is to recognize lengths and intersection numbers of
curves on X from the features of the unit sphere in the tangent space to T (S1,1),
and then apply the Fenchel-Nilsen coordinates to identify the underlying hyper-
bolic surfaces. (For other works on Thuston metric, see [Liu00],[PT07a],[CR07],
[The07], [PT07b], [LRT12], [PT12], [LPST13], [PS14], [LRT15], [PS15], [PS16],
[PY17], [AD19], [HP19])
• In [MW02], Masur-Wolf proved that every isometry of the Teichmüller space
T (Sg,n) with theWeil-Petersson metric is induced by an element of the extended
mapping class groupMCG±(Sg,n), provided that (g, n) /∈ {(0, 3), (0, 4), (1, 1), (1, 2)}.
Later, it was extended by Brock-Marglit ([BM07]) to all hyperbolic surfaces of
finite area via the automorphism rigidity of pants complex ([Mar04]).
• In [FW10], Farb-Weinberger proved the intrinsic asymmetry for any complete,
finite covolume, MCG±(Sg,n)-invariant Finsler metric on T (Sg,n).
Remark 1.9. Associated with a measured geodesic lamination µ is a certain vector field
E˙µ on T (Sg,n), its earthquake vector field (see [Thu86], [Ker83] for explanation of earth-
quake). Thurston defined in [Thu98, Theorem 5.2] another Finsler metric on T (Sg,n),
the earthquake metric, whose unit sphere in TXT (Sg,n) is the set of unit speed earth-
quakes:
{
E˙µ(X)
ℓµ(X)
: µ ∈ ML(Sg,n)
}
. Let ‖ • ‖EQ be the earthquake norm on TXT (Sg,n).
The Wolpert formula ([Wol82, Wol83])
E˙λ(ℓµ) = −E˙µ(ℓλ), ∀λ, µ ∈ ML(Sg,n)
induces an R-linear surjective isometry:
(TXT (Sg,n), ‖ • ‖EQ) −→ (T
∗
XT (Sg,n), ‖ • ‖Th)
E˙λ(X) 7−→ dXℓλ.
Little is known about this metric so far. Theorem 1.4 implies the following immediately:
Suppose that Sg,n is not a sphere with four or fewer punctures nor a torus with two
or fewer punctures, then every R-linear surjective isometry Ψ : (TXT (Sg,n), ‖ • ‖EQ)→
(TY T (Sg,n), ‖•‖EQ) is geometric, i.e. there exists ψ ∈ MCG
±(Sg,n) such that Y = ψX
and Ψ(E˙µ(X)) = E˙ψµ(Y ) for all µ ∈ ML(Sg,n).
1.3. Idea of proof. Our proof is based on the aforementioned linear structures on
ML(Sg,n) induced from the cotangent spaces to the Teichmüller space (see Section 3)
and the automorphism rigidity of the curve complex (see Theorem 2.2). By analysing
the shape of the unit sphere in the tangent space (Lemma 4.2), we can show that
every surjective isometry between cotangent spaces induces an isomorphism of the curve
complexes (This proves Theorem 1.7). The linearity rigidity of linear structures on
ML(Sg,n) (Theorem 3.1) and the automorphism rigidity of the curve complex (Theorem
2.2) then enables us to prove Theorem 1.4. The proofs of Theorem 1.5 and Theorem
1.6 assuming Theorem 1.4 are standard.
Acknowledgements. I am grateful to Kasra Rafi for sharing with me the question
about the local rigidity of Thurston metric. I would also like to thank Weixu Su for his
comments. This work is supported by NSFC 11901241.
2. Preliminaries
2.1. Teichmüller space and measured laminations. Continuing with the same no-
tation as in the introduction, let Sg,n be an oriented surface of genus g with n punctures
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whose Euler characteristic are negative: χ(Sg,n) = 2 − 2g − n < 0. A marked hyper-
bolic surface is a pair (X, f), where X is a hyperbolic surface and f : Sg,n → X is
an orientation-preserving homeomorphism. Two marked hyperbolic surfaces (X, f) and
(X ′, f ′) are said to be equivalent if there exists an isometry X → X ′ which is isotopic
to f ′ ◦ f−1. The Teichmüller space T (Sg,n) is the set of equivalence classes of marked
hyperbolic surfaces. Sometimes, we simply denote an equivalence class by X. With the
topology induced by the Thurston metric (defined in (1)), T (Sg,n) is homeomorphic to
R6g−6+2n.
A measured lamination is a lamination on Sg,n equipped with a transverse invariant
measure. Every measured lamination µ induces a functional over C 0(Sg,n), the set of
isotopy classes of simple closed curves on Sg,n, by associating to each α ∈ C
0(Sg,n) the
intersection number i(µ, α):
i(µ, α) := inf
α′
∫
α′
dµ
where α′ ranges over all simple closed curves α′ isotopic to α. Two measured laminations
are said to be equivalent if they induce the same functional on C 0(Sg,n). LetML(Sg,n)
be the space of equivalence classes of measured laminations equipped with the weak-
* topology induced from the space of functionals over C 0(Sg,n). Let PML(Sg,n) :=
ML(Sg,n)/R>0 be the space of projective classes of measured laminations. Thurston
showed that ML(Sg,n) is homeomorphic to R
6g−6+2n, and that the weighted simple
closed curves are dense in ML(Sg,n) (see [FLP12] and [CB88] for more details).
2.2. Mapping class group action. Let Homeo±(Sg,n) (resp. Homeo
+(Sg,n)) be the
group of homeomorphisms (resp. orientation-preserving homeomorphisms) of Sg,n. Let
Homeo0(Sg,n) be the subgroup of homeomorphisms isotopic to the identity. Then the
mapping class group MCG+(Sg,n) of Sg,n is defined to be:
MCG+(Sg,n) = Homeo
+(Sg,n)/Homeo0(Sg,n)
and the extended mapping class group MCG±(Sg,n) is defined to be:
MCG±(Sg,n) = Homeo
±(Sg,n)/Homeo0(Sg,n).
The extended mapping class group acts on T (Sg,n) as follows. Each orientation-
preserving mapping class φ ∈ MCG+Sg,n acts on T (Sg,n) by pre-composition:
φ · (X, f) := (X, f ◦ φ−1).
Let j : Sg,n → Sg,n be an orientation-reversing homeomorphism. Then every orientation-
reversing homeomorphism ψ can be expressed as ψ ◦ j, where ψ = φ ◦ j−1 is an
orientation-preserving homeomorphism. For a marked hyperbolic surface (X, f), let
X∗ be the hyperbolic metric on X which is the pullback of X by f ◦ j ◦ f−1 : X → X.
Now the image of (X, f) under ψ is defined to be:
ψ · (X, f) := (X∗, f).
By definition, we see that MCG±(Sg,n) acts on (T (Sg,n),dTh) by isometries.
2.3. Curve complex. In what follows, we assume that Sg,n is not a sphere with four
or fewer punctures, nor a torus with one or fewer punctures. (The definition of curve
complex for these cases is different from the following.) The curve complex C (Sg,n) is
a complex whose vertices are isotopy classes of simple closed curves on Sg,n and whose
k-simplices are collections of k+1 isotopy classes of simple closed curves on Sg,n which
can be realized disjointly. For our purpose, we need the following connectedness and
rigidity of C (Sg,n).
Theorem 2.1 ([Har81], see also [Put08]). C (Sg,n) is connected.
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Theorem 2.2 ([Iva97], [Kor99],[Luo00]). (a) Suppose that {(g, n), (g′, n′)} is not one
of the following three pairs: {(0, 4), (1, 1)}, {(0, 5), (1, 2)}, {(0, 6), (2, 0)}. then C (Sg,n)
and C (Sg′,n′) are isomorphic if and only if (g, n) = (g
′, n′).
(b) Suppose that Sg,n is not a sphere with four or fewer punctures, nor a torus with two
or fewer punctures. Then every automorphism of C (Sg,n) is an element ofMCG
±(Sg,n),
and
Aut(C (Sg,n)) :=
{
MCG±(Sg,n)/Z2 , if (g, n) = (2, 0)
MCG±(Sg,n), otherwise
2.4. Stretch lines. A geodesic lamination on X ∈ T (Sg,n) is a lamination whose leaves
are hyperbolic geodesics. A geodesic lamination is said to bemaximal if each component
of X − λ is an ideal hyperbolic triangle.
Theorem 2.3 ([Thu98], Corollary 4.2). For any complete hyperbolic structure X of
finite area on a surface S, for any maximal geodesic lamination λ not all of whose
leaves go to a cusp at both ends there is a new hyperbolic structure
stretch(X,λ, t)
depending analytically on t > 0 such that
(a) the identity map is Lipschitz with Lipschitz constant
L(X, stretch(X,λ, t)) = exp(t)
(b) the identity map exactly expands arc length of λ by the constant factor exp(t), while
for each point on X − λ the Lipschitz constant is strictly less than exp(t).
A direct consequence is the following infinitesimal version.
Theorem 2.4. Let v ∈ TXT (Sg,n) be the vector tangent to the stretch line stretch(X,λ, t).
Then
(dX log ℓµ)(v) ≤ 1,∀µ ∈ ML(Sg,n)
and
(dX log ℓµ)(v) = 1 ⇐⇒ suppµ ⊂ λ
where suppµ represents the supporting lamination of µ.
Using stretch lines, Thurston ([Thu98, Theorem 8.5]) showed that for every pair of
points in T (Sg,n), there exists a geodesic with respect to dTh, which is a concatenation
of stretch lines.
3. Linear structures for the space of measured laminations
Recall that the map
DX : ML(Sg,n) −→ T
∗
XT (Sg,n)
µ 7−→ dXℓµ
induces a linear structure on ML(Sg,n) by pulling back the linear structure on the
cotangent space T ∗XT (Sg,n). The linear structure induced onML(Sg,n) depends on the
underlying hyperbolic surface X.
Notice that for each µ ∈ ML(Sg,n), we have
‖dX log ℓµ‖Th,X = 1.
Therefore,
‖dXℓµ‖Th,X = ℓµ(X), ∀µ ∈ ML(Sg,n), ∀X ∈ T (Sg,n).
For two marked hyperbolic surfacesX,Y ∈ T (Sg,n), let us consider a homeomorphism
ΓX,Y :
(3)
ΓX,Y : T
∗
XT (Sg,n) −→ T
∗
Y T (Sg,n)
dXℓµ 7−→
ℓµ(X)
ℓµ(Y )
dY ℓµ.
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In particular,
‖ΓX,Y (dXℓµ)‖Th,Y = ‖dXℓµ‖Th,X = ℓµ(X).
In general, ΓX,Y is not linear. In fact, we have the following rigidity.
Theorem 3.1 (Linearity rigidity). Let X,Y ∈ T (S). Then ΓX,Y is linear if and only
if X = Y .
Proof. If X = Y , then ΓX,Y is the identity map, which is linear. We now consider the
converse. In the following, we assume that ΓX,Y is linear.
Let α and β be two disjoint simple closed curves. Then α + β is also a measured
lamination. Therefore,
ΓX,Y (dXℓα + dXℓβ) = ΓX,Y (dX(ℓα+β))
=
ℓα+β(X)
ℓα+β(Y )
dY ℓα+β (by (3))
=
ℓα(X) + ℓβ(X)
ℓα(Y ) + ℓβ(Y )
(dY ℓα + dY ℓβ).
On the other hand, it follows from the linearity of ΓX,Y that
ΓX,Y (dXℓα + dXℓβ) = ΓX,Y (dXℓα) + ΓX,Y (dXℓβ)
=
ℓα(X)
ℓα(Y )
dY ℓα +
ℓβ(X)
ℓβ(Y )
dY ℓβ.
Comparing the two equations above, we have
ℓα(X)
ℓα(Y )
=
ℓα(X) + ℓβ(X)
ℓα(Y ) + ℓβ(Y )
=
ℓβ(X)
ℓβ(Y )
.
Now, Let α, δ be an arbitrary pair of simple closed curves. By the connectedness
of the curve complex Theorem 2.1, there exists a sequence of simple closed curves
α0 = α,α1, · · · , αk = δ, such that i(αi, αi+1) = 0 for each i = 0, 1, · · · , k − 1. It then
follows from the discussion above that
ℓα0(X)
ℓα0(Y )
=
ℓα1(X)
ℓα1(Y )
= · · · =
ℓαk(X)
ℓαk(Y )
.
In particular,
ℓα(X)
ℓα(Y )
=
ℓδ(X)
ℓδ(Y )
.
By the arbitrariness of α and δ, we see that there exists a constant K, such that
ℓγ(X)
ℓγ(Y )
≡ K, ∀γ ∈ C 0(Sg,n).
This implies that K = 1. (Otherwise, dTh(Y,X) < 0 if K < 1, or dTh(X,Y ) < 0 if
K > 1.) Therefore, Y = X.

Remark 3.2. There is another natural map DY ◦ D
−1
X : T
∗
XT (Sg,n) −→ T
∗
Y T (Sg,n)
which is the composition of D−1X : T
∗
XT (Sg,n) −→ ML(Sg,n) and DY : ML(Sg,n) −→
T ∗XT (Sg,n). In particular, DX ◦D
−1
Y (d log ℓµ) = d log ℓµ. By (3), it follows that
DY ◦D
−1
X = ΓX,Y ⇐⇒ Y = X.
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4. Shape of unit sphere in the tangent space
There are flat places on the unit sphere T 1XT (Sg,n) of TXT (Sg,n). A facet is a flat
portion of T 1XT (Sg,n) which has maximum possible dimension so that it has interior.
Theorem 4.1 ([Thu98],Theorem 10.1). There is a bijection between the set of facets
on the unit sphere of TXT (Sg,n) and the set of simple closed curves. In other words,
every facet is contained in a plane dX log ℓα = 1 for some simple closed curve α.
Let FX : C
0(Sg,n)→ F (X) be the bijection obtained in Theorem 4.1.
Lemma 4.2. Let α, β ∈ C 0(Sg,n) be two simple closed curves. Then
i(α, β) = 0 ⇐⇒ ∂FX(α) ∩ ∂FX(β) 6= ∅.
Proof. (i) Assume that i(α, β) = 0. Let λ be a maximal geodesic lamination which
contains both α and β. Let v be the vector tangent to the stretch path stretch(X,λ, t).
Let Xt := stretch(X,λ, t). Then
ℓβ(Xt)
ℓβ(X)
=
ℓα(Xt)
ℓα(X)
= et,
which implies that (dX log ℓα)(v) = (dX log ℓβ)(v) = 1. In particular,
v ∈ ∂FX(α) ∩ ∂FX(β) 6= ∅.
(ii) Assume that ∂FX(α) ∩ ∂FX(β) 6= ∅. Let v ∈ ∂FX(α) ∩ ∂FX(β). Then
(4) ‖v‖Th = sup
µ∈ML(S)
(dX log ℓµ)(v) = (dX log ℓα)(v) = (dX log ℓβ)(v) = 1.
For each 0 ≤ s ≤ 1,
‖s · dX log ℓα + (1− s) · dX log ℓβ‖Th
= sup
v′∈T 1
X
T (Sg,n)
(s · dX log ℓα + (1− s) · dX log ℓβ)(v
′)
≥ (s · dX log ℓα + (1− s) · dX log ℓβ)(v)
= 1. (by(4))
On the other hand,
‖s · dX log ℓα + (1− s) · dX log ℓβ‖Th ≤ s‖dX log ℓα‖Th + (1− s)‖dX log ℓβ‖Th = 1.
Consequently,
‖s · dX log ℓα + (1− s) · dX log ℓβ‖Th = 1, ∀0 ≤ s ≤ 1.
In particular, the segment
{s · dX log ℓα + (1− s) · dX log ℓβ : 0 ≤ s ≤ 1} ⊂ T
∗
XT (Sg,n)
is contained in the unit sphere of the cotangent space T ∗XT (Sg,n). It then follows from
Theorem 1.2 that for each 0 ≤ s ≤ 1, there exists a unique µs ∈ PML(S) such that
(5) s · dX log ℓα + (1− s) · dX log ℓβ = dX log ℓµs .
Suppose to the contrary that i(α, β) > 0. Let µ̂s be a maximal geodesic lamination
obtained from µs by adding isolated leaves. In other words, µs is the maximal measured
geodesic lamination contained in µ̂s. Let vs ∈ TXT (Sg,n) be the vector tangent to the
stretch path stretch(X, µ̂s, t) at X. Then by Theorem 2.4,
(6) (dX log ℓµ)(vs) ≤ 1,∀µ ∈ ML(Sg,n)
and
(7) (dX log ℓµ)(vs) = 1 ⇐⇒ µ ⊂ µs.
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On the other hand, since i(α, β) > 0, it follows either α or β is not contained in µ̂s.
Consequently,
(dX log ℓα)(vs) < 1
or
(dX log ℓβ)(vs) < 1.
Combined with (6), this implies that
(s · dX log ℓα + (1− s) · dX log ℓβ)(vs) < 1 = (dX log ℓµs)(vs), ∀0 < s < 1,
which contradicts to (5).

5. Proof of Theorems
Proof of Theorem 1.4. By duality, Φ∗ induces an R-linear surjective isometry
Φ : (TY T (Sg,n), ‖ • ‖Th)→ (TXT (Sg,n), ‖ • ‖Th).
In particular, Φ induces a bijection between the set of facets of the unit sphere T 1Y T (Sg,n)
and the set of facets of the unit sphere T 1XT (Sg,n). By Theorem 4.1 and Lemma 4.2, we
see that Φ induces an isomorphism Φ∗ : C (Sg,n) → C (Sg,n) such that for each simple
closed curve α
Φ∗(dX log ℓα) = dY log ℓΦ∗(α).
It then follows from Theorem 2.2 that there exists a mapping class φ ∈ MCG±(S) such
that
Φ∗(α) = φα, ∀α ∈ C
0(Sg,n).
Therefore,
(8) Φ∗(dX log ℓα) = dY log ℓφα
for every simple closed curve α.
To complete the proof, it remains to show that φ : X → Y is (isotopic to) an isometry.
Notice that φ induces an R-linear surjective isometry:
φ̂ : T ∗Y T (Sg,n) −→ T
∗
φ−1Y
T (Sg,n)
dY ℓµ 7−→ dφ−1Y ℓφ−1µ.
Consequently,
φ̂ ◦ Φ∗ : T ∗XT (Sg,n) −→ T
∗
φ−1Y T (Sg,n)
is also an R-linear surjective isometry. Moreover, by (8), we see that for each simple
closed curve α,
φ̂ ◦Φ∗(dX log ℓα) = dφ−1Y log ℓα.
Then
φ̂ ◦Φ∗(dXℓα) = ℓα(X) · (φ̂ ◦ Φ
∗)(dX log ℓα)
= ℓα(X) · dφ−1Y log ℓα
=
ℓα(X)
ℓα(φ−1Y )
dφ−1Y ℓα
for every simple closed curve α. Since set of weighted simple closed curves is dense in
ML(Sg,n), it follows that φ̂◦Φ
∗ coincides with ΓX,φ−1Y on a dense subset of T
∗
XT (Sg,n)
(see (3) for the definition of ΓX,φ−1Y ). By continuity, this implies that
φ̂ ◦ Φ∗ = ΓX,φ−1Y .
In particular, ΓX,g−1Y is linear. It then follows from Theorem 3.1 that X = φ
−1Y . 
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Proof of Theorem 1.5. Let F : (U,dTh) → (T (Sg,n),dTh) be an isometric embedding.
By [DLRT16, Theorem 6.1] the Thurston norm is locally Lipschitz (locally C0,1loc ). It
then follows from [MT17, Theorem A, Theorem B] that F is C1,1loc and its differential is
norm-preserving. Therefore, for each X ∈ U ,
dXF : TXT (Sg,n) −→ TF (X)T (Sg,n)
is an R-linear surjective isometry for the Thurston norm. By duality, dXF induces an
R-linear surjective isometry
d∗XF : (T
∗
F (X)T (Sg,n), ‖ • ‖Th) −→ (T
∗
XT (Sg,n), ‖ • ‖Th).
By Theorem 1.4, there exists an φF (X) ∈ MCG
±(Sg,n) such that
(9) F (X) = φF (X)(X).
Let
˜MCG±(Sg,n) :=
{
MCG±(Sg,n)/Z2 , if (g, n) = (2, 0)
MCG±(Sg,n), otherwise
Let Û ⊂ U be the set of points with trivial stabiliser in ˜MCG±(Sg,n). Since for any
ψ ∈ MCG±(Sg,n), the set of fixed points
Fix(ψ) = {X ∈ T (Sg,n) : ψ(X) = X}
has codimension at least two1, it follows that Û is a dense and connected subset of U .
Let X0 ∈ Û . By the proper discontinuity action ofMCG
±(Sg,n) on T (Sg,n), we see that
there exist a small neighbourhood U0 ⊂ U of X0 and a small neighbourhood V0 ⊂ F (U)
of F (X0), such that
{φ ∈ MCG±(Sg,n) : φ(U0) ∩ V0 6= ∅} = {φF (X0)}.
It then follows from the continuity of F and (9) that
φF (X) = φF (X0)
for all X sufficiently close to X0. In other words, the map φF : Û → MCG
±(Sg,n) is
locally constant on X0. Consequently, φF is constant on Û . Since Û is dense in U , φF
extends to a constant function on U with value φF (X0). 
Proof of Theorem 1.6. It follows directly from Theorem 1.5. 
Proof of Theorem 1.7. It follows from Theorem 4.1 and Lemma 4.2 that Φ∗ induces an
isomorphism Φ∗ : (Sg,n) → (Sg′,n′). Since {(g, n), (g
′ , n′)} is not one of the following
three pairs:
{(0, 4), (1, 1)}, {(0, 5), (1, 2)}, {(0, 6), (2, 0)}
it then follows that Sg,n and Sg′,n′ are homeomorphic. 
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